A novel method is presented to determine populations and ion energy distribution functions (IEDFs) of individual ion species having different charge states in an ion beam from the measured spectrum of an E Â B probe. The inversion of the problem is performed by adopting the iterative Tikhonov regularization method with the characteristic matrices obtained from the calculated ion trajectories. In a cylindrical Hall thruster plasma, an excellent agreement is observed between the IEDFs by an E Â B probe and those by a retarding potential analyzer. The existence of a high-energy tail in the IEDF is found to be mainly due to singly charged Xe ions, and is interpreted in terms of non-linear ion acceleration. V C 2014 AIP Publishing LLC.
I. INTRODUCTION
Ion sources have been developed for various scientific and technological applications such as electric propulsion for spacecraft, ion implantation for material modification, and neutral beam injection for nuclear fusion devices. Among many physical parameters characterizing the produced ion beam, the ion energy distribution function (IEDF) and the fraction of multiply charged ions are important parameters that should be quantized. In particular, the fraction of ions with different charges directly affects propellant utilization and overall efficiency in an electric propulsion system. 1-6 A Hall thruster is a spacecraft propulsion device having crossed electric and magnetic fields. A cylindrical type Hall thruster has been designed especially for low power operations by removing a central magnetic core to increase volume-to-surface ratio. [5] [6] [7] [8] A retarding potential analyzer (RPA) and an E Â B probe have been conventionally used to measure IEDFs and the fractions of the ions with different charge states, respectively. When multiply charged ions are mixed in an ion beam, the IEDF of each charge state can be very difficult to obtain from the measured RPA spectrum. In this work, we show a novel method for accurate measurement of ion populations with different charge states by taking the velocity resolution of an E Â B probe into account. The result demonstrates clear evidence of a high-energy ion population in the overall IEDF in cylindrical type Hall thruster plasmas.
The analysis of the E Â B probe spectrum can be sometimes tricky especially in the presence of a significant number of ions having different charge states since the current peaks in the spectrum may be broadened and blended with the peaks of multiply charged ions.
1,2 These characteristics of the probe spectrum originate from the presence of a finite range of ionization and acceleration zones in the Hall thruster plasma, and from the finite velocity resolution of the E Â B probe. Several fitting methods using triangle, Gaussian, and exponential functions have been developed to determine the fractions of ions having different charge states in Hall thruster plasmas. Since all these methods basically assume the constant velocity resolution of the E Â B probe, the population of each ion obtained from a simple calculation of the area under each corresponding current peak has limited accuracy because the velocity resolution of the E Â B probe depends on the energy and charge state of the beam ions. Therefore, the velocity axis, on which an E Â B probe spectrum is defined, should be properly transformed by considering the complicated velocity resolution, and we provide novel mathematical method to transform an E Â B probe spectrum into IEDFs of ions having different charge states. Although it has already been proposed in a somewhat less accurate manner in the work by Renaud et al., 9 our approach is more complete as it treats the velocity distribution, not just one single velocity component.
This paper is organized as follows. In Sec. II, we provide the experimental setup for the measurements of E Â B probe spectra. The reconstruction method to obtain IEDFs from the measured spectra is presented in Sec. III. In Sec. IV, we analyze the IEDFs reconstructed for Hall thruster plasmas, and the high-energy tail formation in the IEDFs is investigated in terms of stochastic ion acceleration. Section V summarizes our major findings.
II. EXPERIMENTAL SETUP
An E Â B probe is a velocity filter that selects ions according to their velocities by using crossed electric and a) Author to whom correspondence should be addressed. Electronic mail:
wchoe@kaist.ac.kr magnetic fields. Most probes normally establish a constant magnetic field by using permanent magnets, while the electric field is variable by sweeping plate potential.
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As illustrated in Fig. 1 , the Xe ion beam was produced by a cylindrical type Hall thruster whose channel length and outer channel diameter are 25 and 50 mm, respectively. The details of the thruster used in the experiment are described in Refs. 3 and 4. Through the experiment, the Xe flow rates to the anode and cathode were fixed at 7.0 and 0.7 sccm, respectively, and the anode voltage was set at 225 V. Under this condition, the discharge current was measured to be 1.32 A. The experiments were performed in a 1.5 m in diameter and 3 m long vacuum chamber on which two cryopumps (U22H, Ulvac) are installed. The operating pressure of about 6.0 Â 10 À6 Torr for Xe is typically obtained at a continuous Xe flow of 7.7 sccm.
As illustrated in Fig. 2(a) , the main components of the E Â B probe under experiment are an entrance collimator, a velocity filter, an exit collimator, and a collector. The dimension of both entrance and exit collimators is 70 mm in length and 4 mm in orifice diameter, and the collimators are made of stainless steel. The length of the velocity filter is 140 mm, in which perpendicular electric and magnetic fields are applied. The magnetic field in the velocity filter section is provided by permanent magnets, and the magnetic flux is guided by iron plates having a thickness of 4 mm to provide homogeneous magnetic field inside the velocity filter. The field strength was measured to be 0.23 T at the center of the velocity filter. The electric field is applied by a pair of aluminum plates separated by 10 mm from each other. The entrance collimator is positioned at 600 mm away from the thruster exit plane. The ion beam current is collected by a collector made of stainless steel and measured by a picoammeter (KEITHLEY 6485). The probe body is electrically grounded and it is evacuated through several holes in the body to limit collisions through the drift section.
A RPA was also installed to measure IEDF by using a series of grids to selectively filter ions. The RPA used for the experiment [ Fig. 2(b) ] has an entrance collimator identical to the one used in the E Â B probe. Detailed information on the RPA is found in Ref. 7 and the references therein. The collimated RPA was mounted on a rotating stage centered at and 500 mm away from the thruster exit.
III. IEDF RECONSTRUCTION METHOD
An E Â B probe selects ions having a specific speed that satisfy the Lorentz force balance condition under externally provided electric and magnetic fields. The measurable of the diagnostic is the selected ion beam current given as a function of applied plate voltage, i.e., electric field strength in the velocity filter. In addition, this study aimed to obtain the accurate IEDF of each charge state ion based on the measured ion current. If it is supposed that g is the measured E Â B probe spectrum as a function of plate voltage and f is the corresponding energy distribution function of the ion beam, f and g represented by column vectors (an M Â 1 and an N Â 1 matrix, respectively) are related with each other via a characteristic matrix A (an N Â M matrix) as
In order to obtain f from Eq.
(1), A should be specified for each charge state ion, i.e., Xe þ , Xe 2þ , Xe 3þ , etc, respectively. The characteristic matrix A is set up by simulating the E Â B probe spectrum G W i for mono-energetic ion beams whose kinetic energies are W i
where V i is the plate voltage of the E Â B probe, and M and N are the number of elements on the axis of the ion energy and of the plate voltage, respectively. The probe spectrum g for an ion beam having a specific IEDF f is obtained by a linear superposition of G W i as
Based on Eqs.
(1)-(4), A is expressed in terms of the calculated spectra as
The probe spectra G W i for mono-energetic ion beams are constructed based on the calculated trajectories of the ion beam. One thousand test ions were used to represent a monoenergetic ion beam and the initial velocity of each ion was given randomly within the range determined by the geometry of the entrance collimator. Figure 3 shows the ion trajectories calculated by solving the equation of motion under a magnetic field and an electric field. The topologies of both fields were calculated by using the finite element method magnetics (FEMM) code based on the experimental condition. The magnetic field provided by permanent magnets was calibrated by measuring the field strength along the probe's centerline using a Gauss meter. The electric field was calculated under different plate voltages from V 1 to V N and then different ion energies from W 1 to W M to determine A of Eq. (5). The characteristic matrix A contains all the information such as the dimensions of the E Â B probe, the electric and magnetic fields inside the E Â B probe, and mass and charge state of the beam ions. Shown in Fig. 4 are the calculated A for Xe þ , Xe 2þ , and Xe 3þ ions, respectively, where the abscissa and the ordinate are the ion beam energy and the plate voltage. It is shown that the broadening in the distributions of the row vectors of A is linearly increased with respect to the plate voltage. That means that the ions within an energy band can reach the collector at a given plate voltage, which represents the velocity resolution of the E Â B probe. This linear broadening of the probe resolution was also pointed out in an analytic manner by Kim. 10 It is important to emphasize a trade-off between the energy resolution and signal-to-noise ratio of an E Â B probe. A high-energy resolution of the probe is obtainable simply with small orifice and long collimation length of the probe, and the resulting signal is drastically decreased by the small resolution. If one can measure probe signal with infinitesimal probe resolution, the plate voltage can be directly converted into the velocity and energy of ions. Figure 4 demonstrates that the velocity resolution of the E Â B probe should be considered, particularly for ions having higher energy and lower charge state. It was also pointed out that the resolution is not negligible in analyzing E Â B probe spectra by Hofer. 11 In order to reconstruct the IEDF f from the measured E Â B probe spectrum g, it is necessary to obtain an inverse matrix A 21 that is represented by an M Â N matrix
Since A tends to be numerically singular due to the finite velocity resolution of the E Â B probe, the inverse matrix cannot be directly obtained. In this work, we adopted the Tikhonov regularization method to determine the inverse transformation. 12 The linear system defined by Eq. (1) is proposed to find a particular solution for f, which minimizes the following residual:
This system is under-determined due to the singularity of A, and the regularization term is, therefore, included in the original residual as follows:
where T is the Tikhonov matrix that is chosen as the Laplacian matrix to obtain a smooth solution, and k is the relative importance of the smoothness. The regularized solution to minimize the residual of Eq. (8) is given by
As an example, the blue curve shown in Fig. 3(a) demonstrates the IEDF f from a Gaussian spectrum g, obtained by Eq. (9) . As depicted in the figure, f fluctuates at the ion energy over 300 eV, and it becomes negative, which is unacceptable. Although the fluctuation level can be mitigated by increasing the regularization strength k, the resulting solution becomes inaccurate due to the decreased fraction of the original residual of Eq. (7) in the regularized residual of Eq. (8) . Therefore, an accurate and physically acceptable solution cannot be obtained by using this conventional regularization method. This problem is avoided by an iterative Tikhonov regularization method. It is designed to minimize the residual including the similarity term as 12, 13 
where f 0 is the assumed solution and k s is the relative importance of similarity with f 0 . The solution for f to minimize R s is obtained by
where I is an identity matrix. Now, Eq. (11) is iterated with f 0 where
and f r is the obtained solution at the previous step. The assumed solution for the first iteration is obtained from the conventional method of Eq. (9) . The solution of the iterative regularization method, therefore, can be written in a simple recurrence relation as
where i is the iteration number. The red curve depicted in Fig. 5(a) is the IEDF reconstructed in this way from the same g with 100 iterations, which shows no fluctuation and negative value. The reconstruction error R i in Fig. 5(b) is defined by the difference in the original residual with the reconstructed solution f i as
As shown in the figure, only 100 iterations show a 10
À4
times reduction in the reconstruction error compared with the non-iterated solution. This iterative reconstruction method, therefore, finds accurate IEDFs from the measured E Â B probe spectra.
IV. RESULTS AND DISCUSSIONS
Based on the developed method, IEDFs were reconstructed from the measured E Â B probe spectrum obtained from the cylindrical type Hall thruster plasma. As shown in Fig. 6(a) , three distinct peaks are observed in the measured probe spectrum, peaks corresponding to Xe þ , Xe 2þ , and Xe 3þ ions, respectively. Since the characteristic matrix A is defined for each charge state ion, the peaks were separated by Gaussian fitting before starting the aforementioned reconstruction procedure. The individually reconstructed IEDFs for Xe þ , Xe 2þ , and Xe 3þ ions are denoted as the solid curves in Fig. 6(b) . Based on the conventional method that assumes a constant velocity resolution for an E Â B probe, the IEDFs are directly obtained from the separated peaks of the probe spectrum, which are plotted in the figure as the dashed curves for comparison. Each pair of the IEDFs for the same charge state is compared to show that the ion energy of all charge state ions and ion species fractions for the multiply charged ions are overestimated by the conventional method.
In order to confirm the validity of our reconstruction method, the result was compared with the measured RPA result. It is noteworthy that the IEDF measured by the RPA is the contribution of all charge state ions. In order to compare the reconstructed IEDFs with the RPA's IEDF, the ion energy axis was transformed to the ion energy per charge axis on which the RPA's IEDF is defined. Then, the corresponding charge number was multiplied to each charge state ion distribution to keep the ion species fraction constant. They are summed up together to obtain an overall IEDF, which is shown in Fig. 6(c) as the red curve labeled as "reconstructed." It is in a good agreement with the IEDF from the RPA denoted as black dots in the figure. Each of the IEDFs for Xe þ , Xe 2þ , and Xe 3þ ions is shown as well. It is important to emphasize that the overall IEDF shown in Fig. 6(c) is asymmetric with respect to the central energy (195 eV) with more high energy (>225 eV) fraction while the plasma is discharged at the anode voltage of 225 V. The reconstructed IEDFs show that the high-energy tail is mainly due to Xe þ ions. Such high-energy tail may be explained by a wave-riding mechanism, i.e., non-linear ion acceleration along the oscillating electric field. [14] [15] [16] [17] [18] As a validation of our argument, we performed numerical calculations for a test ion in an oscillating plasma potential whose Hamiltonian takes the form,
where P x is the canonical momentum such that P x ¼ mv x , and V p is the oscillating plasma potential. When the effective residence time of the ion inside the discharge channel is compared with the oscillation frequency of the electric field, the test ion can gain energy beyond the anode voltage. The numerical calculations verify that the maximum ion energy increases as the oscillation amplitude increases. In addition, the maximum energy of the singly charged ions can be much higher than that of the multiply charged ions, which agrees with the reconstructed IEDFs. Therefore, the IEDFs of Hall thruster plasmas are significantly affected by fluctuation characteristics. Further investigations will be performed to understand the underlying physics for the high energy ions, and the results will be reported elsewhere.
V. SUMMARY
We found that the velocity resolution of an E Â B probe is not constant and depends on the kinetic energy and charge state of the ions. The measured E Â B probe spectrum (g) is related with the energy distribution of the source ions (f) via Af ¼ g, and the aim of this paper is to find f from the measured g, which is an inverse problem. The characteristic matrix A was calculated by simulating g due to the monoenergetic ion beams with different energies, and the inversion was performed based on the iterative Tikhonov regularization. Using this developed method, we found excellent agreement between the IEDFs by the E Â B probe and the RPA, and the existence of high-energy ions in the cylindrical type Hall thruster plasma owing to higher energy Xe þ ions. 
